Abstract. A simple modification of Chebyshev's method is presented, so that the region of accessibility is extended to the one of Newton's method.
Introduction
Many scientific and engineering problems can be brought in the form of a nonlinear equation,
where F is a nonlinear operator defined on a nonempty open convex subset Ω of X with values in a Banach space Y . This problem is usually solved by iterative processes: from a starting point z 0 , a sequence {z n } is constructed such that it converges to a solution of equation (1) . The most used iterative processes are the well-known one-point iterations, that are defined as follows: z 0 ∈ Ω, z n+1 = G(z n ), n ≥ 0. Three ideas are emphasized in these kinds of iterations: the convergence, the speed of convergence and the operational cost. In this paper, we are only centered in the analysis of the convergence. There are three types of convergence that can be considered: local, semilocal and global. The analysis of convergence presented here is focused only on the semilocal convergence, where two kinds of conditions are required: conditions on the starting point z 0 and conditions on the operator F that define equation (1) . Our analysis is centered on the condition that the starting point of an iteration must satisfy, what is known as the region of accessibility of the iteration. This region of accessibility consists of every starting point such that the iteration converges to a solution of (1) from it. In particular, the problem that we can observe is that the regions of accessibility of iterations with higher speed of convergence is reducing, and consequently, it is more difficult to locate starting points such that the iterations converge from them. The principal idea of this paper is to construct a modification of Chebyshev's method (order three, [1] , [7] ) that converges provided that Newton's method (order two, [8] , [9] ) does also. The basic idea is to use Newton's method until a certain finite step and then use this iterate as the starting point for Chebyshev's method, so that we can consider a larger domain of starting points to iterate. In Section 2, we present the construction of the modification of Chebyshev's method. In Section 3, we study the semilocal convergence of the new iterative method, the domains of existence and uniqueness of solutions, the R-order of convergence [11] and we compute the step in which the iterative method jumps from Newton's method to Chebyshev's method. Finally, in Section 4, we illustrate the above-mentioned with an example, where a nonlinear integral equation of mixed Hammerstein type is analyzed and solved.
Preliminaries and description of the method
In practice, we can see the problem mentioned above with the attraction basins (the set of all starting points such that an iteration converges to a solution of an equation, [10] , [12] ) of two of the best-known iterations to solve (1), Newton's method
Here L F (z) is the degree of logarithmic convexity [6] , defined by
provided that [F (z)] −1 exists at each step z n . The operators F and F denote the first and the second Fréchet derivatives of the operator F .
We now consider a complex equation F (z) = 0, where F : C → C and z ∈ C, and we are interested in identifying the attraction basin for two solutions z * and z * * (see [12] ). The main idea of this study is to apply, using computer experiments, Newton's and Chebyshev's methods for solving the equation F (z) = sin z − 1/3 = 0, and show the fractal pictures that they generate to approximate z * = arctan (1/2 √ 2) = 0.33983 . . . and z * * = π − arctan (1/2 √ 2) = 2.80176 . . .. This also allows us to compare the regions of accessibility of both methods.
We take a rectangle R ⊆ C and iterations starting at "every" z 0 ∈ R. In practice, a grid of 512 × 512 points in R is considered and these points are chosen as z 0 . We used the rectangle [0, 3] × [−2.5, 2.5], which contains the two zeros. The numerical methods starting at a point in the rectangle can converge to some of the zeros or, eventually, diverge.
In all of the cases, the tolerance 10 −3 and the maximum of 25 iterations are used. If we have not obtained the desired tolerance with 25 iterations, we do not continue and we decide that the iterative method starting at z 0 does not converge to any zero.
In Figures 1 and 2 , it is shown what happens when the two iterations are applied to approximate the zeros of the function F (z) = sin z − 1/3 in the above mentioned rectangle. The strategy taken into account is the following. A colour is assigned to each attraction basin of a zero. The colour is made lighter or darker according to the number of iterations needed to reach the root with the fixed precision required. Finally, if the iteration does not converge, black is used. For more strategies, the reader can see [12] and the references appearing there. In particular, to obtain the pictures, two different colours have been assigned for the attraction basins of We can see in Figures 1 and 2 the behaviour of Newton's and Chebyshev's methods. Note that Chebyshev's method is the most demanding with respect to the initial point; see the black areas. We can also observe lighter areas for Chebyshev's method as a consequence of the cubic convergence of the method.
On the other hand, in theory, the classical well-known Newton-Kantorovich conditions ( [2] , [3] , [9] ) are considered to establish the semilocal convergence of iterative processes, so that these conditions are more restrictive for iterations with a higher speed of convergence. For example, if we suppose that [F (
is the set of bounded linear operators from Y into X and we also assume the following:
we can then guarantee the semilocal convergence of Newton's method under conditions (C1)-(C3) (see [9] ), and the semilocal convergence of third-order iterative processes under conditions (C1)-(C4); see [2] , [3] . In addition, if we consider Newton's and Chebyshev's methods, we can then guarantee the semilocal results given below in Theorem 2.1.
Throughout this paper we denote B(x, r) = {y ∈ X; y − x ≤ r} and B(x, r) = {y ∈ X; y − x < r}. • We suppose that [F (
2−3a η and a = Mβη, and
has a solution z * and Newton's process converges quadratically to this solution (see [8] ).
where
then equation (1) has a solution z * and Chebyshev's process converges cubically to this solution (see [7] ).
To establish the semilocal convergence of Chebyshev's method, we can easily observe that conditions (3) are required for the starting point z 0 , while, for Newton's method, condition (2) is only required for the starting point x 0 . Therefore, the use of Chebyshev's method is more restrictive than the use of Newton's method. To illustrate this, the following scalar equation is considered. Let (2) and (3), the regions of accessibility of Newton's and Chebyshev's methods respectively. Observe the same as in the scalar example: the domain of starting points for Newton's method is a little bigger than for Chebyshev's method (see the size of the regions of convergence).
Next, we are interested in observing the cubic and quadratic decreasing regions of Chebyshev's and Newton's methods respectively. These regions represent the regions of accessibility of both methods by means of the parameters a,ã andb that are given from the starting point. If we observe the cubic decreasing region of Chebyshev's method (see [5] ), Figure 5 , whereã andb are taken as coordinates, we see Chebyshev's method converges provided that the parametersã anb corresponding to the starting approximation is in the gray region, limited by the two coordinate axis and the lineb = h(ã), where h is defined in (4). But, for the quadratic decreasing region of Newton's method, it suffices that the parameter a of the starting approximation is in the vertical region limited only by the line a = 1/2.
Since the goal is to construct, from Chebyshev's method, an iterative method that converges when it starts from the same points as Newton's method, so that, from some approximation given by Newton's method, the new approximations to a solution of equation (1) we consider, in practice, the following algorithm:
If we take into account the previous example in the complex plane, F (z) = sin z − 1/3 = 0, we can see in Figure 6 the attraction basin for the solution z * and z * * when the last algorithm is used. Observe there that this algorithm is more demanding than Newton's method (see Figure 3 ), but less than Chebyshev's method (see Figure 4) , with respect to the initial point (see the black areas). Now, we define the last algorithm as follows:
, where x 0 only satisfies (2) and z 0 = x N 0 satisfies (3). We can then use Newton's method for a finite number of steps, N 0 , provided that condition (2) is satisfied, until conditions given in (3) are satisfied for z 0 = x N 0 , and next faster Chebyshev's method takes over from Newton's method. The key of the problem is to guarantee that N 0 exists.
Main results
To establish a semilocal convergence result for iteration (6) , certain conditions for the operator F and the initial approximation are required. Conclusions about the existence and uniqueness of solutions of equation (1) are also obtained, and the regions of existence and uniqueness of solutions from the theoretical significance of the method are provided.
A technique was developed to prove the semilocal convergence of Newton's and Chebyshev's sequences in [8] and [7] respectively, where it is constructed, from the initial scalar parameters, systems of recurrence relations where sequences of positive real numbers were involved. The convergence of the two sequences was then guaranteed from the fact that they were Cauchy sequences. We apply the same technique to prove the semilocal convergence of iteration (6).
3.1. Semilocal convergence. From now on, we suppose that the starting approximation x 0 satisfies (2), but not (3). In consequence, we want to prove that there exists N 0 ∈ N such that z 0 = x N 0 satisfies (3).
From general conditions (C1)-(C3) for Newton's method, we can define the initial parameters a and b from
and construct the following system of recurrence relations (see [8] ):
where (8) a 0 = a, a n+1 = a n f (a n )g(a n ), n ≥ 0,
and
The real sequence {a n } guarantees the convergence of Newton's method. The key is now the strict decreasing of the sequence {a n }, provided that (2) holds. Notice that the sequence {b n } is not necessary to prove the semilocal convergence of Newton's method, but it is essential to locate a valid starting point for Chebyshev's method from Newton's sequence (see [8] ). Observe also that the sequences {a n } and {b n } are strictly decreasing, provided that a 0 < 1/2, since 0 < a n < γ
In the same way (see [7] ), from general conditions (C1)-(C4) for Chebyshev's method and z 0 , we can define the initial parametersã andb from
and construct the system of recurrence relations:
so that the convergence of Chebyshev's method is guaranteed from the strict decreasing of the real sequences
which is satisfied if (3) holds (see [7] ). As we have mentioned above, the idea is to apply Chebyshev's method to approximate a solution z * of (1) from an iteration z 0 such that z 0 = x N 0 , where x 0 , x 1 , . . . , x N 0 are approximated by Newton's method from x 0 ∈ Ω. We can do this. Indeed, since h is a decreasing function and {a n } is a strictly decreasing sequence, the sequence {h(a n )} is strictly increasing and, as b 0 ≥ h(a 0 ) and {b n } is strictly decreasing to zero, we can say that there exists N 0 ∈ N such that (12) 
for h(a 0 ) > 0 given. On the other hand, since {h(a n )} is strictly increasing, we have that b N 0 < h(a N 0 ), and consequently, for x N 0 , it follows that
In consequence, we can choose z 0 = x N 0 and apply Chebyshev's method starting at this point to guarantee the convergence of method (6) .
Provided that sequence (6) is well defined, the convergence reduces to show that (6) is a Cauchy sequence. In the next result the semilocal convergence of (6) is provided and it is also used to draw conclusions about the existence of a solution and the domain in which it is located.
First, we rewrite (6) in the following form: Proof. First, from the ideas previously indicated, we consider that N 0 exists. We then observe that w 0 , w 1 , . . . , w N 0 ∈ Ω, since they are iterates generated by Newton's method, and consequently,
Next, if we choose w N 0 = z 0 = x N 0 , the iterates w i , for i > N 0 , are given by Chebyshev's method and
In consequence, w n ∈ Ω, for all n ∈ N, and {w n } is well defined.
Finally, we prove that {w n } is a Cauchy sequence in Ω. To do this, it suffices to prove it for {w n } n≥N 0 , which is the sequence generated by Chebyshev's method (see [7] ). Hence, there exists z
such that z * = lim n w n . Moreover, it is immedite to follow that F (z * ) = 0 (see [7] ).
In addition, we establish the uniqueness of the solution z * of equation (1) in the next theorem.
Theorem 3.2. Let us suppose conditions (C1)-(C4) hold. The solution z
* of equation (1) is unique in the region B x 0 ,
Proof. We assume y * is another solution of (1) 
we have to prove that the operator T = [F (x 0 )]
By the Banach lemma, we have to prove I − T < 1. Indeed,
This completes the proof.
Remark. We observe that the domain of the existence of solution B(x 0 , R 1 + R 2 ) obtained for iteration (6) is bigger than the domains of existence obtained for Newton's and Chebyshev's methods, B(x 0 , R 1 ) and B(x 0 , R 2 ) respectively. We also observe that the domain of uniqueness of solution B x 0 ,
Mβ , as we can see in Theorem 3.2. But we underline that the domain of starting points for iteration (6) is extended with regard to Chebyshev's method, so that we can obtain domains of existence and uniqueness of solutions that cannot be obtained with Chebyshev's method, as we can see in the example presented in Section 4.
3.2.
On the R-order of convergence. It is well known that Newton's method is of R-order at least two, under conditions (C1)-(C3) and Chebyshev's method is of R-order at least three, under conditions (C1)-(C4). Therefore, iteration (6) has R-order of convergence at least two until iteration N 0 and R-order of convergence at least three from iteration N 0 + 1.
In practice.
Observe that we can apply algorithm (6) provided that the conditions of Theorem 3.1 are satisfied, since there always exists N 0 . However, the algorithm can be improved if the value of N 0 can be estimated a priori, since the verification ofb < h(ã) is saved in every step. In relation to this, we fix the value of N 0 in the following result. Proof. We take into account that the above-mentioned ideas carried out where we guarantee that algorithm (6) is well defined, since there always exists N 0 ∈ N so that Chebyshev's method can be applied starting at z 0 = x N 0 . Remember that condition (12) must be satisfied. On the other hand,
and, since the sequence {a n } is decreasing and f and g are increasing functions in (0, 1/2), we can write
is then required, from (12) , it follows that x N 0 is a starting point for Chebyshev's method. Then, if condition
is satisfied, or
the proof is now complete.
Example 1.
We again consider the scalar equation F (x) = x 3 − 2007 = 0 and choose x 0 = 19.9 as the starting approximation. From the domains of starting points obtained previously, observe that x 0 = 19.9 satisfies (2), but not (3), so that we can apply Newton's method and method (6) to approximate the solution z * = 12.6139 . . ., but we cannot do Chebyshev's method. We then start with Newton's method and apply the last theorem to obtain N 0 = 5, so that in the fifth iteration we can already apply Chebyshev's method to approximate the solution of the equation in (0, 20). In Table 1 , the estimated errors |x n − z * | and |w n − z * | for Newton's method and method (6), respectively, are given if the starting point is x 0 = 19.9; 150 significant digits are used and they are smaller than 10 −150 . Observe that the method proposed in this paper improves then the approximations given by Newton's method and the speed of convergence is also improved. Example 2. On the other hand, if we now take into account the complex equation F (z) = sin z − 1/3 = 0, in Figure 7 we can see the region of accessibility of method (6) . Observe that the domain of starting points is the same as for Newton's method, but the colour intensity is different, lighter or darker, according to the number of iterations needed to reach the roots. There are lighter areas for method (6) as a consequence of the faster speed of convergence.
Example
We next illustrate how iteration (6) can be used to solve a non-linear integral equation of mixed Hammerstein type
where −∞ < a < b < ∞, y, i and G i (i = 1, 2, . . . , m) are known functions and x is a solution to determine. The analysis and computation of the mixed Hammerstein equation is justified by the dynamic model of a chemical reactor (see [4] ).
In this paper, we consider the following non-linear integral equation of mixed Hammerstein type (13) x(s) = 1 + 1 3 Second, we discretize (13) to transform it into a finite dimensional problem. This procedure consists of approximating the integral appearing in (13) by a numerical quadrature formula. To obtain a numerical solution, we use the Gauss-Legendre formula to approximate an integral
where the nodes t i and the weights i are determined; in particular, see Table 2 for m = 8.
If we denote the approximation of x(t j ) by x j (j = 1, 2, . . . , 8) , (13) is now equivalent to the following non-linear system of equations (14) x j = 1 + 1 3 Observe that we can apply Newton's method to solve (14), but we cannot use Chebyshev's method because the second condition of (3) is not satisfied. However, by Theorem 3.3, we can use Chebyshev's method after the second approximation given by Newton's method, since N 0 = 2, and obtain the numerical solution z * = (z * 1 , z * 2 , . . . , z *
)
T , which is shown in Table 3 Finally, we interpolate the points of Table 3 and taking into account that the solution of (13) satisfies x(0) = x(1) = 1, an approximationẑ of the numerical Table 3 . Numerical solution z * of (14)
